It has often been stated that, within the class of continuous stochastic volatility models calibrated to vanillas, the price of a VIX future is maximized by the Dupire local volatility model. In this article we prove that this statement is incorrect: we build a continuous stochastic volatility model in which a VIX future is strictly more expensive than in its associated local volatility model. More generally, in this model, strictly convex payoffs on a squared VIX are strictly cheaper than in the associated local volatility model. This corresponds to an inversion of convex ordering between local and stochastic variances, when moving from instantaneous variances to squared VIX, as convex payoffs on instantaneous variances are always cheaper in the local volatility model. We thus prove that this inversion of convex ordering, which is observed in the SPX market for short VIX maturities, can be produced by a continuous stochastic volatility model. We also prove that the model can be extended so that, as suggested by market data, the convex ordering is preserved for long maturities. T .
Introduction
For simplicity, let us assume zero interest rates, repos, and dividends. Let F t denote the market information available up to time t. We consider continuous stochastic volatility models on the SPX index of the form dS t S t = σ t dW t , S 0 = s 0 , (1.1)
where W = (W t ) t≥0 denotes a standard one-dimensional (F t )-Brownian motion, σ = (σ t ) t≥0 is an (F t )adapted process such that t 0 σ 2 s ds < +∞ a.s. for all t ≥ 0, and s 0 > 0 is the initial SPX price. By continuous model we mean that the SPX has no jump, while the volatility process σ may be discontinuous. The local volatility function associated to Model (1.1) is the function σ loc defined by The associated local volatility model is defined by:
From [10] , the marginal distributions of the processes (S t ) t≥0 and (S loc t ) t≥0 agree:
Let T ≥ 0. By definition, the (idealized) VIX at time T is the implied volatility of a 30 day log-contract on the SPX index starting at T . For continuous models (1.1), this translates into (The (correct) fact that E f σ 2
T ≥ E f σ 2 loc (T, S loc T ) had already been noticed by Dupire in [6] .) In this article, we prove that these statements are in fact incorrect. Even if 30 days is a relatively short horizon, it cannot be harmlessly ignored. VIX are implied volatilities (of SPX options maturing 30 days later), not instantaneous volatilities. We can actually build continuous stochastic volatility models, i.e., processes (σ t ) t≥0 , such that
and, more generally, such that for any strictly convex function f ,
(1.9) (Our counterexample actually works for any τ > 0.) Not only do we find one convex function f such that (1.9) holds, we actually build a model in which (1.9) holds for any strictly convex function f . Actually, we prove an inversion of convex ordering: Despite the fact that σ 2 loc (t, S loc t ) is smaller than σ 2 t in convex order for all t ∈ [T, T + τ ] (see (1.7)), VIX 2 loc,T is strictly larger than VIX 2 T in convex order. Interestingly, Guyon [8] has reported that for short maturities T , the market exhibits this inversion of convex ordering: the distribution of VIX 2 loc,T (computed with the market-implied Dupire local volatility) is strictly larger than the distribution of VIX 2 T (implied from the market prices of VIX options) in convex order. Guyon [9] has shown that, when the spot-vol correlation is large in absolute value, stochastic volatility models with fast enough mean reversion, as well as rough volatility models with small enough Hurst exponent, do exhibit this inversion of convex ordering. When mean reversion increases, the distribution of VIX 2 T becomes more peaked, while the local volatility flattens but not as fast, and as a result it can be numerically checked that VIX 2 T is strictly smaller than VIX 2 loc,T in convex order for short maturities. Interestingly enough, these models reproduce another characteristic of the SPX/VIX markets: that for larger maturities (say, 3-5 months) the two distributions become non-rankable in convex order, and for even larger maturities VIX 2 T seems to become strictly larger than VIX 2 loc,T in convex order, i.e., the inversion of convex ordering vanishes as T increases. However, it is very difficult to mathematically prove the inversion of convex ordering in these models. In order to get a proof of this inversion, our idea is to choose a more extreme model, in which the volatility process σ is such that (σ t ) t∈[T,T +τ ] is independent of F T , so that VIX 2 T is almost surely constant, but also such that VIX 2 loc,T is not a.s. constant. In this case, since these two random variables have the same mean (recall (1.6)), VIX 2 T is strictly smaller than VIX 2 loc,T in convex order, and (1.9) holds for any strictly convex function f . In particular, applying (1.9) with f (y) = − √ y yields (1.8).
Clearly, in order for VIX 2 loc,T to be non-constant, the local volatility cannot be constant as a function of S, dt-a.e. in [T, T + τ ]. There are many ways to achieve this, e.g., through volatility of volatility, and it is easy to numerically verify that VIX 2 loc,T (estimated from (1.5), e.g., using kernel regressions) is non-constant. However, the main mathematical difficulty here is to prove this result. To this end, we will consider models where the non-constant local volatility can be derived in closed form.
The remainder of the article is structured as follows. In Section 2 we derive a simple counterexample inspired by [2] where Beiglböck, Friz, and Sturm use a similar model to prove that local volatility does not minimize the price of options on realized variance. Then we generalize the counterexample in Section 3. Eventually in Section 4 we explain how the model can be extended so that, as suggested by market data, the convex ordering is preserved for long maturities.
A simple counterexample
Inspired by [2] , we fix T > 0 and consider the following volatility process:
where σ < σ 0 < σ are three positive constants and U denotes the result of a fair coin toss, independent of F T (e.g., known only at a time t ∈ (T, T + τ 2 ]). Proposition 1. The stochastic volatility model in (1.1), with volatility process described in (2.1), satisfies (1.9). In particular, VIX futures are strictly more expensive than in their associated local volatility model.
so that σ t is given by σ + (t) or σ − (t) depending on the coin toss U . Since
T is a.s. constant:
Since this is also the mean of VIX 2 loc,T , to prove (1.9), it is enough to prove that VIX 2 loc,T is not a.s. constant. Due to the very simple form of Model (2.1), we know the local volatility in closed form: 
Since S loc T has support R + , in order to prove that VIX 2 loc,T is not a.s. constant, it is enough to prove that ψ tends to when x tends to +∞. This follows from the next lemma. Proof. Note that ψ(
so it is enough to prove that ϕ(x) tends to σ 2 when x tends to +∞. Let ε > 0 and ε :
Let us denote L t := ln(S loc t ), whose dynamics is given by
We have
Recall that σ loc takes values in (σ, σ).
As a consequence, for all
We have thus proved that ϕ(e x ), hence ϕ(x), tends to σ 2 when x tends to +∞.
Remark 3. Note that, if we fix t 1 ∈ (0, τ ) and define
with U only known at time t 1 , then we have built a model where the inversion of convex ordering holds for every short maturity T ∈ (0, t 1 ).
Generalization
In this section, we generalize the example presented in Section 2, to show that the desired inversion of convex ordering can be obtained with a more interesting structure for the volatility. We fix 0 < t 1 < τ < t 2 := t 1 + τ , and define a càdlàg process σ on [0, t 2 ), which is independent of F W , the filtration generated by W . We start by setting σ t constant equal to σ 0 > 0 for t ∈ [0, t 1 ). This ensures that F T = F S,W T = F W T , and as a consequence (σ t ) t∈[T,T +τ ] is independent of F T for all 0 < T < t 1 , thus VIX 2 T is constant:
We shall now define σ in [t 1 , t 2 ), with the aim of having
, the space of càdlàg functions on [0, t 2 ). Note that, for Λ = 1 2 (δ σ+ + δ σ− ) and T = t 1 − τ /2, we recover the example of Section 2. For every path g ∈ D, we denote by S g the evolution of the stock price for this realization of σ, that is
and by p g (t, .) the density of the process S g t , that is
The local volatility then takes the form
.
Lemma 4. For all t ≥ 0, the following limit holds for the local volatility:
Proof. To study the limit of σ 2 loc (t, x) for x → +∞, thanks to (3.1) and dominated convergence, we are reduced to consider the limit of q g (t, x). Note that
which in turn implies lim x→+∞ q g (t, x) = 0. On the other hand, if Λ(D g,t ) = 0, then by dominated convergence lim x→+∞ D F (g, h, t, x) dΛ(h) = D lim x→+∞ F (g, h, t, x) dΛ(h), being σ bounded and bounded away from zero. Now lim x→+∞ F (g, h, t, x) equals zero when Σ h (t) < Σ g (t), and one when Σ h (t) = Σ g (t). This concludes the proof, noticing that
Proposition 5. Consider the stochastic volatility model (1.1). Let σ be constant equal to σ 0 > 0 in [0, t 1 ), independent of F W in [t 1 , t 2 ), admitting only finitely many paths, so that with g n (t) = σ 0 for all n ∈ {1, . . . , N }, t ∈ [0, t 1 ). We assume the following non-degeneracy condition of σ in a neighborhood of t 1 : There exist m, n ∈ {1, . . . , N } and ε > 0 such that g m (t) = g n (t) for all t ∈ [t 1 , t 1 + ε].
Then, for all maturities T < t 1 , (1.9) holds. In particular, VIX futures are strictly more expensive than in the associated local volatility model.
With an abuse of notation, below we will write q n , Σ n , F (n, m, t, x) instead of q gn , Σ gn , F (g n , g m , t, x), to ease readability.
Proof. As in the example of Section 2, we consider the function
and note that our non-degeneracy assumption implies that
To prove the inversion of convex ordering for all maturities T < t 1 , we will show that lim x→+∞ ψ(x) = , that is,
Since Λ is discrete and the functions t → Σ n (t) are continuous and bounded in [t 1 , t 2 ), this interval divides in countably many intervals I k = [a k , b k ), k ∈ N, a k < b k , such that, in each open interval (a k , b k ), the function σ defined in (3.2) coincides with one or more paths of σ. To be more precise, for every k ∈ N, the sets A [t] defined in (3.3) coincide for every t ∈ (a k , b k ), say to a set A k , and (3.7) σ(t) = g n (t) for t ∈ (a k , b k ), for all g n ∈ A k .
To show the convergence in (3.6), we split the interval [t 1 , T + τ ] into subintervals I k :
we are reduced to prove that for all k ∈ N,
Fix k ∈ N and ε k > 0, and set ε k :
. We split the interval I k into three subintervals (3.9)
and we are going to show that σ 2 loc (t, x) converges uniformly to σ(t) 2 w.r.t. t ∈ J k , for x → +∞. Let N k := {n ∈ {1, ..., N } : g n ∈ A k } and note that the function F (n, m, t, x) depends on the paths g n and g m only through Σ n (t) and Σ m (t), respectively. Therefore, from (3.4), we have
for any m k ∈ N k , which reduces to Λ(A k )+ m ∈N k F (n, m, t, x)u m for n ∈ N k . Now, it is easy to verify that, when x tends to +∞, F (n, m, t, x) converges to zero uniformly w.r.t. t ∈ J k whenever n ∈ N k and m ∈ N k . In particular, there is x k such that, for all
Since F (n, m, t, x) = F (m, n, t, x) −1 , we also have that, when x tends to +∞, F (n, m, t, x) converges to +∞ uniformly w.r.t. t ∈ J k whenever n ∈ N k and m ∈ N k . This gives the existence of y k such that, for all x ≥ y k , t ∈ J k , n ∈ N k , and m ∈ N k , F (n, m, t, x) ≥v 2 (ε k Λ(A k )) −1 , which by (3.10) implies
Note that in the present setting we have
from (3.7). Now (3.11) and (3.12) imply
for all x ≥ z k := max{x k , y k } and t ∈ J k , which shows the claimed uniform convergence.
As in the proof of Lemma 2, we consider the log-price process L t = ln(S loc t ), and we have c k := sup t∈I k ,x∈R E[(L t − L T ) 2 |L T = x] < +∞, k ∈ N, since σ is bounded. Setting ∆ k := c k /ε k , we again obtain (3.14) P(|L t − L T | ≥ ∆ k |L T = x) ≤ ε k , for all t ∈ I k and x ∈ R. We are going to show that
converges to zero for x → +∞, by proving that for x big enough this is smaller than the arbitrarily chosen ε k . This in turn implies (3.8), being k ∈ N arbitrary, and concludes the proof of (3.6) . In order to do that, we divide I k in three subintervals :
where we used the notation introduced in (3.9). Note that, since σ takes values in [v, v] ,
and the same bound holds when taking the integral over J k . On the other hand, (3.14) implies
and (3.13) implies
for all x ≥ ln(z k ) + ∆ k . Altogether, for x ≥ ln(z k ) + ∆ k we have
This concludes the proof.
Term-structure of convex ordering
In this section, we extend the model built in Section 3 in order to have the convex ordering preserved for long maturities, as suggested by market data. To this end, we set
where σ 0 ∈ R + and Y is a Bernoulli random variable known in t 2 and independent of anything else. Say Y takes the value y − with probability q − and y + with probability q + = 1 − q − , for some 0 < y − < y + and 0 < q − < 1. By Jourdain and Zhou [11] , as long as the ratio y + /y − is not too large, the stochastic differential equation (SDE) (4.1) admits a weak solution (Ω, (F t ), P, W, (S t ), Y ), which may not be unique. In the following we use the subscript or superscript P to emphasize that a priori the corresponding quantities depend on the weak solution of (4.1).
Note that (4.1) implies that, whatever the weak solution, σ 2 loc,P (t, S t ) = σ 2 0 for t ≥ t 2 . Therefore VIX 2 loc,T does not depend on the weak solution and is constant equal to σ 2 0 for all maturities T ≥ t 2 . We now want to show that, on the other hand, for any weak solution of (4.1), this is not true for VIX 2 P,T . This will imply that VIX 2 loc,T is strictly smaller than VIX 2 P,T in convex order for T ≥ t 2 , thus there is no inversion of convex ordering for long maturities.
For any weak solution of (4.1), we set
Since Y is independent of W , the conditional law of (S t ) t≥t2 given Y = y ± and S t2 = s under P agrees with the (unique) law of a weak solution to the SDE ). Being F P bounded and bounded away from zero, we deduce that, for t > t 2 , the conditional law of S t given Y = y ± and S t2 = s under P admits a density p P ± (s, t, x), and that p P ± (s, t, x) > 0 for all x ∈ R + , which in turn implies that Then, for T ≥ t 2 , we have
Now, having VIX 2 P,T constant (thus necessarily equal to σ 2 0 ) corresponds to having Y 2 Ψ P ≡ 1, which is not possible given that Ψ P takes values in 1 y 2 + , 1 y 2 − , by (4.2) . This shows that VIX 2 P,T cannot be constant for any T ≥ t 2 .
Remark 6. To the best of our knowledge, uniqueness of a weak solution of (4.1) is still an open question. More generally, partial results on the existence of a weak solution of a calibrated stochastic local volatility (SLV) model of the form
have been obtained in [1, 11] , but uniqueness has not been addressed. Note that Lacker et al. [12] have recently proved the weak existence and uniqueness of a stationary solution of a similar nonlinear SDE with drift, under some conditions. However, their result does not apply to the calibration of SLV models. Indeed, market-implied risk neutral distributions (L(S t )) t≥0 are strictly increasing in convex order and therefore no stationary solution (S t , Y t ) t≥0 can be a calibrated SLV model.
The possible absence of uniqueness of a weak solution of (4.1) or (4.3) is problematic, not only theoretically but also practically. It means that the price of a derivative in the calibrated SLV model may not be well defined. For example, in our case, the VIX may depend on P. More generally, existence and uniqueness of (4.3) for general processes (Y t ) t≥0 such as Itô processes remain a very challenging, open problem, despite the fact that these models are widely used in the financial industry, in particular thanks to the particle method of Guyon and Henry-Labordère [7] .
